Abstract. We give an introduction into and exposition of Seiberg-Witten theory.
Introduction
Let Au = 0 (D) be a partial di erential equation on a manifold M, S the set of all solutions, G the automorphism group of (D), M = S=G the moduli space. It is one of the most striking achievements and insights of modern global analysis that M contains, re ects many (hidden) properties of M. Probably the most famous example until October 1994 was the instanton equation ! = ! or ! ? = 0 and Donaldson's moduli spaces. As well known, Donaldson's moduli spaces are rather complicated strati ed spaces. At October 26 1994 Ed Witten gave during a lecture at the MIT a hint that the equations established by him and Nathan Seiberg contain more or less the same information about the underlying manifold M as Donaldson's theory. Up to a great part this has been proven until now. But the Seiberg-Witten equations are much simpler than instanton equations. In the most interesting cases their moduli space is zero dimensional and produces a Z 2 { or integer invariant.
In this paper, we attempt to give a comprehensive representation of SeibergWitten theory and further developments given by Taubes, Le Brun, Kronheimer, Mrowka and others. The main goal is to present this subject to a broader audience. Therefore we start with simple facts from Cli ord theory and proceed step by step by honest calculations. In the second part, we present and discuss with much less calculations the achievements of the theory known to us until now.
The paper is organized as follows. In section 2, we de ne Spin C structures and discuss their existence. Section 3 is devoted to the Seiberg-Witten equations. In the next two sections, we discuss the con guration space and moduli space of SeibergWitten theory and de ne in section 6 the Seiberg-Witten invariant in a little more 1 general context. The following sections are devoted to vanishing theorems, the case dimM L (g) = 0, K ahler and symplectic manifolds, in particular to Taubes' result concerning the coincidence of Seiberg-Witten and Gromov invariants.
This paper arose essentially from the preprints of the main contributors, an exposition of the second author written in Berlin, January 1995, and from 6 lectures given by the rst author in May 1995 in Warsaw.
2. Spin C structures In this section, we recall the main de nitions concerning Spin C structures and discuss their existence.
Let e 1 ; : : :; e n be an orthonormal basis of R n , Cl(n) the R-algebra generated by e 1 ; : : :; e n with relations e i e j + e j e i = ?2 ij , Cl C (n) = Cl(n) C . Then
Cl C (n) = ( C (2 k ); n = 2k C (2 k ) C (2 k ); n = 2k + 1; where C (l) denotes the algebra of complex l l-matrices. Set We have R n Cl(n). If x 2 R n , x 6 = 0 then x ?1 2 Cl(n). Hence S n?1 Cl(n)
generates a group Pin(n). Set Spin(n) = fu 2 Pin(n)ju = x 1 x m ; x i 2 S n?1 ; m eveng: Then there exists a 2-fold covering : Spin(n) ! SO(n), (u)y = uyu , y 2 R n , (x 1 x m ) = x m x 1 . Next we de ne the Spin modules n by presenting concrete bases. Set u 1 = 1 ?i , u ?1 = 1 i , u(" 1 ; : : :; " k ) := u "1 u "k ; " i = 1: Then we de ne 2k+1 := hu(" 1 ; : : :; " k )j" i = 1i + 2k := hu(" 1 ; : : :; " k )j" i " k = +1i ? 2k := hu(" 1 ; : : :; " k )j" i " k = ?1i A straightforward calculation shows Tu " = ?"u " ; g (j) u " = (?1) j?1 i (j) " (j+1) u ?" : (2.1) Proposition 2.1. a. For n = 2k + 1, n is an irreducible Spin(n) module.
b. For n = 2k, n are irreducible Spin(n) modules. c. 2 R n Cl C (n), 2 n imply 2 n ; if n = 2k then R n + n ! ? n , R n ? n ! + n .
Proposition 2.2. n has a hermitian scalar product ( ; ) such that (x ; 0 ) + ( ; x 0 ) = 0. Proof. This is a consequence of : Spin C (n) ! SU( n ) and the latter follows from tr(e i e j j n ) = 0. Corollary 2.5. If n = 2k, : Spin C (n) ! SU( n ), then det g; z] = z dim = z 2 k?1 , in particular for n = 4 det g; z] = z 2 .
De nition. Let X be a manifold, P = P(X; SO(n)) an SO(n)-principal bre bundle. A Spin C (n) structure Q for P is a Spin C (n)-principal bre bundle Q(X; Spin C (n)) and a commutative diagram Q Spin C (n) ?! Q & # # X P SO(n) ?! P % ; i. e. (q x) = (q) (x), q 2 Q, x 2 Spin C (n). The exact sequences 1 ! S 1 ! Spin C (n) ! SO(n) ! 1, 1 ! Spin(n) ! Spin C (n) k ! S 1 ! 1 imply Spin C (n)=S 1 = SO(n), Spin C (n)= Spin(n) = S 1 and general compatibility properties yield Q=S 1 Proof. Consider E = P SO R n = Q R n , E L = Q i (R n R 2 ), where i : Spin C (n) ! SO(n) SO(2) i ! SO(n + 2). Let 1 (Spin C (n)) = hxi = Z , 1 (SO(n)) = hyi = Z 2 , n > 2, 1 Proof. Consider (x). Assume (x) = 0. Then x = j (z) with somez 2 1 (S 1 ) and k (x) = k j (z) = 2z. This contradicts the fact that k (x) generates 1 (S 1 ).
Hence (x) = y + z. Considering the inclusions SO(2) , ! SO(n + 2), SO(n) , ! SO(n + 2) at 1 -level, we see immediately i (y + z) = 0, (i ) (x) = 0.
The transition functions of E L map into SO(n) SO(2). We conclude from Spin C (n)
and 2.2 that they lift into Spin(n + 2). Hence E L admits a Spin structure, 0 = w 2 (E L) = w 2 (L) + w 2 (E), w 2 (L) = w 2 (E) = w 2 (P). But r c 1 (L) = w 2 (L).
Proposition 2.7. P(X; SO(n)) admits a Spin C structure if and only if w 2 (P) 2 H 2 (X; Z 2 ) is Z 2 -reduction of an integer cohomology class 2 H 2 (X; Z ).
Proof. We just have proven that the condition is necessary. Assume now w 2 (P) = r , 2 H 2 (X; Z ). Choose L with c 1 (L) = . Then P L is a SO(n) SO(2)-bundle with w 2 = 0, i.e. with Spin(n + 2) structure. Once again we conclude from (2.3) that we can lift transition functions to Spin C (n).
Next we show that there is no obstruction against the existence of a Spin C (4) structure for the orthogonal frame bundle of an arbitrary closed oriented 4-manifold. Theorem 2.8. Let M 4 be an oriented closed 4-manifold, P = L(M; SO(4)) its orthogonal frame bundle. Then P admits a Spin C (4) structure ( 9] The assertion now follows from proposition 2.7.
For M 4 Proof. Let V n;k be the Stiefel manifold of orthonormal k-frames in n-space. M 4 admits a 1-frame = vector eld on the 3-dimensional skeleton. Since M 4 is open, it is possible to shift singularities on the 4-skeleton to in nity, i.e. M 4 admits a vector eld, TM 4 = 1 3 , w 2 (TM 4 ) = w 2 ( 3 ). All local systems of coe cients appearing here in obstruction theory are usual coe cients since 3 is oriented.
Consider the obstruction classes 2 ( ) 2 H 2 (M 4 ; 1 (V 3;2 )), 2 M P SO(n) ?! P % be a Spin C (n) structure for P(M; SO(n)), P U(1) = Q= Spin(n). Then : Q ! P P U(1) is a 2-fold covering. If A 2 C p = connection space of P U(1) is a connection then A and the Levi-Civita connection of P generate (by lifting) a connection on Q and hence a covariant derivative r A : (S) ! 1 (S); where S = Q Spin C (n) .
Remark. This S is not the classical Spin-bundle S Cl of a Spin manifold. It is de ned by means of Spin C (n) , : Spin C (n) ! U( n ), g; z]( ) = z g( ).
Nevertheless it can be decomposed globally into S + and S ? , where locally S = S Cl L 1=2 . Here S Cl is a spinor bundle with respect to a local Spin-structure on M, L = P U(1) U(1) C .
We For the second assertion, we set ' = ( '1 '2 
The latter can be reformulated as follows. is nonnegative and its zeros are exactly the solutions of (SW). A more general approach is give by Jost/Peng/Wang in 11]. They do not study only the absolute minima of the functional SW( ; A), i.e. solutions of (SW), but more general the stationary points of SW( ; A) which are given by the EulerLagrange equation of (3. As usual, the con guration space of (SW) is given by ( (S) C P U (1) )=G. At the rst glance, ( (S) C P U(1) )=G is an absolutely senseless object, no topology is de ned, the properties of the action are totally unclear. One has to de ne suitable topologies, completions and to establish good properties of the action. Then it is possible to show that the completed con guration space has the structure of a strati ed space or even of a manifold. If M 4 is compact this causes no principal troubles. For gauge theory this has been performed by Kondracki/Rogulski. 5. The moduli space of Seiberg-Witten theory As usual, the moduli space of Seiberg-Witten theory is the space of all solutions of (SW) factorized by the gauge group. At irreducible solutions of (SW) and for generic metrics g it is a nite dimensional manifold. Its dimension can be calculated by means of an elliptic complex which arises from linearization and projection transversal to the orbits. In comparison to Donaldson's theory, the moduli space of (SW) has an important convenient feature, it is compact. This shall now be established. For reasons of brevity and technical simplicity, we omit the whole Sobolev calculus. On compact manifolds this is absolutely standard. 4 ! g=G is the moduli space of (SW). Here we tacitly assume M L endowed with the L 2 -topology coming from (S + ) C P U(1) .
Proof. Assume f(e i t r ei ; ) + (e i t ; r ei ) + (e i ;t)r ei j j 2 g: Using dj j 2 2j j jr j and Schwarz inequality several times, it is easy to conclude j( A )(t)j C jtj j j jr A j; j A j 2 L2 C 2 j j 2 L2 jr j 2 L2 ;
together with the C 1 -bound for coming from proposition 3. and therefore j j 2 L2 C 3 ; jr j 2 L2 C 2 :
We have shown that the map
has bounded image in the Sobolev space of second order and the image in L 2 ( 2 (M 4 )) is therefore compact.
Proof. The map P 2 : C P U(1) =G ! F(L), A] 7 ! A , is a bering with the
commutes. Hence P 2 j im P1 : imP 1 As usual, one tries to calculate the dimension of the tangent space to M L at irreducible solutions ( 6 0) by means of the linearization of (6.1), projection transversal to the orbits under G and an elliptic complex. Consider the linearization at the point ( ; A). This yields an operator
We obtain with 2 (S + ), 2 1 , A t = A + t , t = + t , At = dA + td , where % + is the projection of % to 2 + . In our frame the K ahler form has a representation = e 1^e2 + e 3^e4 ; as we have already seen. Hence, in any 4-dimensional K ahler manifold % + = 4 ; (9.4) since A+B = R 11 +R 33 = 1 2 (R 11 +R 22 +R 33 +R 44 ). We conclude from (9.2)-(9.4) + A0 = i% + = i 4 = 1 4 ! : (9.5) (9.1) and (9.4) express that ( ; A 0 ) is a solution of (SW). :
Let E i C P 2 the exceptional divisors which correspond to H in C P 2 . Then Locally all symplectic 4-manifolds look equally according to Darboux's theorem. One has to establish global properties of symplectic manifolds and to compare them. This has been done e.g. by Dusa McDu and Gromov. Seiberg-Witten theory as elaborated by Cli Taubes has brought big progress as well for the existence as the classi cation problem.
To apply Seiberg-Witten theory we must have a Spin C (4) structure c = c 1 (L) and a Riemannian metric g on M 4 . For doing this we introduce the notion of an almost complex structure J compatible with a symplectic structure ! : !(X; JX) > 0 for As we already mentioned in section 9, after choice of a J and corresponding g, ! is a section of 2 + and can locally be described as ! = e 1^e2 + e 3^e4 : (11.1) Locally there exist an orthonormal basis e 1 =ẽ 1 , e 2 = Jẽ 1 , e 3 =ẽ 2 , e 4 = Jẽ 2 . Then an easy calculation immediately show that ! = P i<j !(e i ; e j )e i^ej equals to (11.1).
(11.1) implies in particular that ! is self dual with respect to g and j!j = p Taubes and other authors do not discuss (11.6) and (11.7) but certain perturbations of (SW) depending on a parameter r which give the same Seiberg-Witten invariant. We refer to 13] for a proof which is strongly adapted to the corresponding proof in gauge theory as presented e.g. in 8].
In his absolutely fundamental contributions to Seiberg-Witten theory Taubes intensively studied (SW ) for (11.6), (11. Proof. Consider for E=trivial line bundle the following perturbation of (11.6), The advantage of (11.8), (11.9) over (11.6), (11.7) is that the pair (A 0 ; u 0 ) is a solution of (11.8), (11.9) . (11.8) , (11.9) We refer to 18] for a proof which essentially uses details of the proof of theorem 11.4 and (11.8), (11.10) for arbitrary E.
We mention that for the standard K ahler structure on C P 2 c 1 (K) !] < 0.
Theorem 11.7. C P 2 has no symplectic form ! for which c 1 (K) !] > 0.
Proof. Let ! a symplectic form on C P 2 , J a compatible almost complex struc- The main intention of Gromov was follows. All symplectic manifolds of a xed dimension are locally isomorphic. To distinguish one from the other one should look at some global object attached to them. This is Gromovs space of pseudoholomorphic curves. Let be a compact Riemann surface and (M; J) an almost complex manifold. The complex structure of gives a canonical almost complex structure on it.
De nition. Let f : ! M be a smooth map. It is called a pseudoholomorphic curve if its di erential df : T ! TM is (i; J)-linear, i.e. df i = J df. The general strategy is to show that the set of holomorphic curves can be provided with the structure of a compact manifold. This has been done by Gromov. If one additionally requires that contains a nite set M of points then the set of all becomes zero dimensional. Here we start with a closed symplectic manifold (M 4 ; !). g and J will be assumed to be compatible with !. The notions then can be reformulated. For a detailed proof of 13.2 we refer to 1], p. 43. We mention still two other important theorems concerning connected sums. The proof of 13.4 follows immediately from 13.3 and Proposition 13.5. Let (X 4 ; !) be a closed symplectic manifold which decomposes as a smooth connected sum. Then one of the summands has negative de nite intersection form and its fundamental group has nontrivial nite quotients.
We refer to 12] for the proofs of 13.3 and 13.5. Using Taubes' results, one presents several classes of (M 4 ; !) admitting symplectically embedded S 2 with S S 0.
Consider the following question. Let be given a homotopy class J] of almost complex structures on a closed 4-manifold M 4 . Does there exist a compatible symplectic structure? A similar question can be formulated for the existence of K ahler structures. Then Le Hong and One proved that at least 50% of the possible J] do not admit a compatible symplectic structure if M 4 is minimal rational or a ruled surface.
For the proofs we refer to their paper in preparation. Finally we mention some other developments. 
